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A protocol to estimate the average fidelity of the bipartite system
Long Huang and Xiaohua Wu
College of Physical Science and Technology, Sichuan University, 610064, Chengdu, China.
In the field of quantum process tomography, the average fidelity quantifies how well the quantum
channel preserves quantum information. In present work, we shall develop a protocol to estimate
the average fidelity for the bipartite system. We show that the average fidelity should be known
if the three measurable quantities, the average survive probability of the product state and the
average survive probability of each subsystem, have been decided. Our protocol can be also applied
to decide the selected element of the quantum process matrix.
PACS numbers: 03.67.Lx
I. INTRODUCTION
The characterization of the evolution of a quantum sys-
tem is one of the main tasks to accomplish to achieve
quantum information processing. A general class of
methods, which have been developed in quantum infor-
mation theory to accomplish this task is known as quan-
tum process tomography (QPT)- for a review of quantum
tomography, see Refs. [1 − 3]. The various protocols of
getting the complete information about the quantum pro-
cess can be divided into two classes: The standard quan-
tum process tomography (SQPT) [1,4,5], with the cen-
tral idea of preparing a set of linearly independent inputs
and measuring the outputs via the quantum state to-
mography (QST), works without requiring any addition-
ally quantum resources. Another is the so-called ancilla-
assisted quantum process tomography (AAQPT) with
the approach of encoding all information about the trans-
formation into a single bipartite system-ancilla quantum
state [6-8].
As a known fact, the complete characterization of a
unknown quantum channel is a non-scalable task: For
the N d-level system, there are about d4N elements to
be decided. Naturally, one may ask: Can the number of
experiment be scalable if partial information about the
quantum process is to be characterized ? The average
fidelity is an important quantity in QPT. It quantifies
how well the quantum map preserves quantum informa-
tion [9,10]. Recently, it has been shown that it is possible
to estimate the average fidelity via a technique known as
twirling [9-15]. The Haar-twirl channel can be produced
by the so-called Haar twirling procedure. It consists of
applying a unitary, which is randomly chosen with the
Haar measure, before the process to be characterized,
followed by the inverse of the same unitary. The aver-
age fidelity can be estimated by preparing an arbitrary
pure state for the input of the Haar-twirl channel and
then measuring its survive probability ( the overlap be-
tween the input and output). Another twirling proce-
dure, where the unitary is sampled uniformly from the
Clifford group, has been proposed in [12]. The resulted
Clifford-twirl channel was shown to be equivalent with
the Haar-twirl one. Still, the exact measurement of the
average fidelity with the Clifford twirling protocol, which
involves finite but exponentially large resources, is a non-
scalable task. However, to experimentally characterize
the fidelity of a quantum process on n qubits for a de-
sired accuracy, an efficient protocol has been constructed
with quantum circuits of size O(n) without requiring any
ancilla qubits [12 ].
Besides the twirling protocol, another important
ancilla-less way for deciding the average fidelity has also
been developed. The average fidelity should be known
if the survive probability of each state, which belongs to
the state 2-design, has been decided [16-18]. Further-
more, it was found that the state 2-design protocol can
be also adapted to estimate an arbitrary element of the
quantum process matrix. For the D-dimensional system,
the state 2-design usually has more than D2 elements in
it. Therefore, an efficient method to estimate a selected
element, where the error scales as
√
1/M with M the
number for the repetitions of the experiment, has also
been proposed in [16-18].
The concept of the average fidelity can be generalized
to the gate fidelity, a quantity characterizing how well
the quantum map approximate a quantum gate [9]. It is
demonstrated that twirling experiments previously used
to characterize the average fidelity of quantum memories
efficiently can be easily adapted to estimate the average
fidelity of the experimental implementation of important
quantum computation processes, such as untaries in the
Clifford group, in a practical and efficient manner[19].
In present work, we shall develop a protocol to esti-
mate the average fidelity of the quantum channel for a
bipartite system. Our work is motivated by such an in-
teresting case: In the Bell-type experiment, two spin-s
particles are initially prepared in an arbitrary state from
a quantum source, then each particle is sent to Alice and
Bob, the two users who are space separated, respectively.
In general, we suppose that there exists a quantum map
which relates the initial state (for the two particles in
the source) to the final state (for the two particles in
the users’ hand). Now, the average fidelity is still an
important quantity to characterize the quantum process
where the state should be kept unchanged. For such a
case, the average fidelity is hard to be measured in a
directly way: By its definition, one should measure the
survive probability of an arbitrary state. However, the
problem appears when the two particles are prepared in
2an entangled state. As a solution for it, we introduce
three directly measurable quantities, the average survive
probability of the product state and the average survive
probability of each subsystem, for the bipartite system
and give a formula to estimate the average fidelity with
the introduced quantities. Furthermore, we show that
our protocol can be also applied to decide an arbitrary
selected element of the quantum process matrix.
The rest content of present work can be divided into
following parts. In Sec. II we shall give a brief review
of the known ancilla-less methods used to estimate the
average fidelity of the quantum channel. Especially, we
introduce the convenient tool where a bounded matrix is
related to a vector in the enlarged Hilbert space. As an
application of it, we show that the average fidelity can
be calculated as the expectation of the quantum pro-
cess super operator with the separable Werner state. In
Section III we shall firstly define the three quantities,
the average survive probability of the product state and
the average survive probability of each subsystem, for
the bipartite system and then design several protocols to
measure them. A formula, where the average fidelity is
related to the three average survive probabilities, should
be constructed there. In Sec. IV we define the quantum
process matrix and its elements in an explicit way. By
following the idea presented in [18], the protocol used to
measure the average fidelity is adapted to decide an ar-
bitrary element of the quantum process matrix. In Sec.
V we shall develop an efficient protocol to measure the
average fidelity. Finally, we end our work with a short
discussion.
II. MEASURING THE AVERAGE FIDELITY
WITH THE PROTOCOL OF TWIRLING
In this section, we shall firstly give a brief review of
the known ancilla-less methods applied to measure the
average fidelity of the quantum channel. Let {|i〉}Di=1 the
basis of a D−diamensional Hilbert space HD. For the
state vector |ψ〉 = ∑Di=1 ci|i〉, the conjugated state vec-
tor |ψ∗〉 is defined as |ψ∗〉 = ∑Di=1 c∗i |i〉. A corresponding
capital letter, Ψ, is used to denote the projective oper-
ator, Ψ = |ψ〉〈ψ|. With these denotations in hands, the
average fidelity of the quantum map ε can be defined as,
favg(ε) =
∫
dµH(Ψ)Tr[Ψε(Ψ)], (1)
with dµH(Ψ) the Haar-measure of states in HD and the
process super operator ε to be ε(ρ) =
∑
nAnρA
†
n. Usu-
ally, we suppose ε is trace preserving,
∑
nA
†
nAn = ID.
As it is depicted in FIG. 1a, we prepare an arbitrary
state |ψ〉 for input of the quantum channel ε, after the
evolution, measure the survival probability Tr[Ψε(Ψ)].
By sampling the state |ψ〉 with the Haar measure, the
average fidelity of the channel ε should be decided.
Let |ψ0〉 to be a fixed state in HD, one may relate
the arbitrary state |ψ〉 to a unitary transformation U
FIG. 1: (a)The average fidelity involves measuring the sur-
vive probability of an arbitrary state sampled with the Haar
measure. It can be estimated with different protocols: (b)
The Haar twirling, (c) the Clifford twirling, and (d) the sate
2-design.
(U ∈ U(D)), Ψ = UΨ0U †. Now, the average fidelity in
(1) can be rewritten as
favgb (ε) =
∫
dµH(U)Tr[Ψ0U
†ε(UΨ0U †)U ]. (2)
In the derivation of it, we have applied the property of
the trace operation, Tr[ABC] = Tr[BCA]. Here, we use
a subscript b to indicate that the average fidelity can
be estimated with the Haar twirling protocol depicted in
FIG. 1b: Apply a random unitary U to the initial state
|ψ0〉, followed by the quantum operation ε, and then ap-
ply U † to the output state. Then from (2), the average
fidelity can be estimated by repeating the procedure with
U sampled randomly from the Haar measure in each ex-
periment.
In general, one may view the Haar twirling procedure
as to prepare a so-called Haar-twirl channel εHT,
εHT(ρ) =
∫
dµH(U)U† ◦ ε ◦ U(ρ)
=
∫
dµH(U)U
†ε(UρU †)U ].
In this picture, the average fidelity in (2) can be inter-
preted as the survive probability of the fixed state Ψ0 in
the Haar-twirl channel εHT, favgb (ε) = Tr[Ψ0ε
HT(Ψ0)].
The Haar twirling is hard to realize in experiment since
that it involves preparing a continuous set of unitary op-
erations. To alleviate it, the so-called Clifford-twirl chan-
nel εCT was introduced in [12],
εCT(ρ) =
1
K
K∑
i=1
(C†i ◦ ε ◦ Ci)(ρ)
=
1
K
K∑
i=1
C†i ε(CiρC
†
i )Ci,
where Ci are the elements of the Clifford group of HD.
To carry out the Clifford twirling in experiments, only
a finite number (K) of operations should be prepared.
It has been proven that the two different twirling proce-
dures should result the same channel εCT = εHT. Cer-
tainly, as it is shown in FIG. 1c, the Clifford twirling
3protocol can be also applied to get the average fidelity.
Formally, we express it as
favgc (ε) =
1
K
K∑
i=1
Tr[Ψ0C
†
i ε(CiΨ0C
†
i )Ci]. (3)
Recently, it has been found that a state 2-design can be
also applied to measure the average fidelity. The state 2-
design, {Ψx}Nx=1, is set of states satisfying the constraint
that
1
N
N∑
x=1
Ψx⊗Ψx = 1
D(D + 1)
D∑
i,j=1
|jk〉〈jk|+|jk〉〈kj|. (4)
Straitly to say, this definition is suitable for the case
where all the states Ψx are equal weighted. For a more
general definition of the state 2-design, please see [20].
For the case N = D(D + 1), the state 2-design is
known to be a complete set of mutually unbiased bases
(MUBs)[21-22]: That is a set of D+1 bases for HD with
a constant overlap of 1/D between elements of different
bases,
|〈ψjm|ψj
′
m′〉|2 = {
δmm′ j = j
′
1
D
j 6= j′. (5)
If N = D2, the state 2-design is unique: It’s just the
symmetric information complete (SIC) set {|ψSICx 〉}D
2
x=1
introduced in [23]. The normalized states |ψSICx 〉 have
the property that
|〈ψSICx |ψSICy 〉|2 =
1+Dδxy
1 +D
. (6)
The way of applying the state 2-design for estimate the
average fidelity is shown in FIG. 1d: Preparing a state
|ψx〉, which belongs to a given set of a state 2-design, for
the quantum channel ε, after the evolution, one measure
the expectation value of the projective operator Ψx with
the output ε(Ψx). The average fidelity should be known
by repeating this process with a number of N different
inputs,
favgd (ε) =
1
N
N∑
x=1
Tr[Ψxε(Ψx)]. (7)
In the above argument, we have assumed that all the
quantities favgk (ε), which are measured with the proto-
cols depicted from FIG. 1a to FIG. 1d, should equal the
average fidelity defined in (1),
favgk (ε) ≡ favg(ε), k = a, b, c, d (8)
(Here, we suppose favga (ε) ≡ favg(ε).) Although this
equivalence has been verified in previous works, for the
convenience of reading, we would still like to give a self
-contained proof for it. To complete this task, we shall
at first introduce the convenient tool where a bounded
matrix in HD is related to a vector in the enlarged Hilbert
space H⊗2D . Let A to be a bounded matrix in the D−
dimensional Hilbert space HD, with Aij = 〈i|A|j〉 the
matrix elements for it, an isomorphism between A and a
D2−dimensional vector |A〉〉 is defined as
|A〉〉 =
√
DA⊗ ID|S+〉 =
D∑
i,j=1
Aij |ij〉, (9)
in which |S+〉 is the maximally entangled state for H⊗2D ,
|S+〉 = 1√
D
∑D
k=1 |kk〉 with |ij〉 = |i〉 ⊗ |j〉. This isomor-
phism offers a one-to-one mapping between the matrix
and its vector form. Suppose that A , B, and ρ are three
arbitrary bounded matrices in HD, there should be
Tr[A†B] = 〈〈A|B〉〉, |AρB〉〉 = A⊗BT|ρ〉〉, (10)
with BT denoting the transpose of B. Especially, if A
takes the form A = |ψ〉〈φ|, its corresponding vector
should be
||ψ〉〈φ|〉〉 = |ψ〉 ⊗ |φ∗〉. (11)
With the isomorphism in (9) and its properties in (10-
11), recalling ε(ρ) =
∑
nAnρA
†
n, we are able to express
the average quantities measured in FIG. 1 in the way like
favgk (ε) = Tr[Fˆk(
∑
n
An ⊗A∗n)], k = a, b, c, d, (12)
where Fˆk, the super operators in H
⊗2
D , are defined as
Fˆa =
∫
dµH(Ψ)|Ψ〉〉〈〈Ψ|, (13)
Fˆb =
∫
dµH(U)U ⊗ U∗|Ψ0〉〉〈〈Ψ0|(U ⊗ U∗)†, (14)
Fˆc =
1
K
K∑
j=1
Cj ⊗ C∗j |Ψ0〉〉〈〈Ψ0|(Cj ⊗ C∗j )†, (15)
Fˆd =
1
N
N∑
x=1
|Ψx〉〉〈〈Ψx|. (16)
Now, if a separable Werner state ρsepW for H
⊗2
D is intro-
duced as
ρsepW =
1
D(D + 1)
(ID ⊗ ID +D|S+〉〈S+|)
=
1
D(D + 1)
(ID ⊗ ID + |ID〉〉〈〈ID|), (17)
one may conclude that all the super operators Fˆk are
equivalent since that
Fˆk = ρ
sep
W . (18)
A simple reasoning, where the above conclusion can be
achieved at, is like this: At first, we take it for granted
that Fˆa = Fˆb since that the arbitrary state |ψ〉 in FIG.
1a is related to the arbitrary unitary transformation U
4in FIG. 1b via the simple relation, |ψ〉 = U |ψ0〉. At the
same time, the relation Fˆb = Fˆc should also hold because
that both the Haar twirling and the Clifford twirling will
result the same channel, εCT = εHT. The proof for
Fˆb = ρ
sep
W is given in Appendix. Recall that Ψx is a
Hermitian operator, Ψ∗x = Ψ
T
x . By performing the par-
tial transposition on both sides of (4), the definition of
the state 2-design may have an equivalent version:
1
N
N∑
x=1
Ψx ⊗Ψ∗x = ρsepW .
Noting that Ψx ⊗Ψ∗x are product states, this is the rea-
son why we call the Wernner state in (17) the separable
one. From (11), there should be |Ψx〉〉〈〈Ψ| = Ψx ⊗ Ψ∗x.
Therefore, the relation, Fˆd = ρ
sep
W , can be easily verified.
III. ESTIMATING THE AVERAGE FIDELITY
OF THE BIPARTITE SYSTEM
In this section, we shall develop a protocol to estimate
the fidelity of a bipartite system H = HAD ⊗HBD. For this
D2-dimensional Hilbert system, we use Λ to describe a
trace preserving quantum map:
Λ(ρ) =
∑
m
Emρ(Em)
†,
∑
m
(Em)
†Em = I⊗2D .
For an arbitrary Λ, we can introduce the following three
average quantities,
f¯AB(Λ) =
∫ ∫
dµH(Ψ)dµH(Φ)Tr[Ψ⊗ ΦΛ(Ψ⊗ Φ)],(19)
f¯A(Λ) =
∫ ∫
dµH(Ψ)dµH(Φ)Tr[Ψ⊗ IDΛ(Ψ⊗ Φ)],(20)
f¯B(Λ) =
∫ ∫
dµH(Ψ)dµH(Φ)Tr[ID ⊗ ΦΛ(Ψ⊗ Φ)],(21)
where Ψ ⊗ Φ denotes an arbitrary product state in
HAD ⊗ HBD while dµH(Ψ) and dµH(Φ) are the Haar mea-
sures of the states on HD. In present work, f¯AB(Λ) is
referred to as the average survival probability of the prod-
uct states (for channel Λ), f¯A(Λ) and f¯B(Λ) is the av-
erage survival probability for subsystem system HAD and
HBD, respectively. An experimental protocol of measur-
ing the above three quantities is depicted in FIG. 2a:
Preparing an arbitrary product state |ψ〉 ⊗ |φ〉 as the
input for the quantum channel Λ, after the evolution,
one may simultaneously measure the three expectations
with the output Λ(Ψ ⊗ Φ)], fAB = Tr[Ψ ⊗ ΦΛ(Ψ ⊗ Φ)],
fA = Tr[Ψ⊗ IDΛ(Ψ⊗Φ)], and fB = Tr[ID⊗ΦΛ(Ψ⊗Φ)].
By sampling Ψ and Φ randomly with the Haar mea-
sure, the average survival probability in (19-21) should
be known.
The average survive probabilities are defined in an in-
tegral version. To carry out the integrations, we shall
also apply the isomorphism in (9). To let it has a form
FIG. 2: (a) Circuit representation of measuring the average
survive probabilities defined in (19-21). These quantities can
be also measured in different protocols: (b)The product Haar
twirling, (c) the product Clifford Twirling, and the product
state 2-design.
suitable for the bounded operators in the D2-dimensional
Hilbert space case, we introduce the following definition:
Letting |Ω〉 be a maximally entangled states in H⊗4,
|Ω〉 = 1
D
∑D
i,j=1 |ijij〉 with |ijkl〉 = |i〉 ⊗ |j〉 ⊗ |k〉 ⊗ |l〉,
a vector |Γ) in H⊗4D is related to the bounded operator Γ
in H⊗2D , with its matrix elements to be Γij;kl ≡ 〈ij|Γ|kl〉,
via the isomorphism,
|Γ) = D · Γ⊗ I⊗2D |Ω〉 =
D∑
i,j,k,l=1
Γij;kl|ijkl〉. (22)
Suppose that Γ, ∆, and Σ are three arbitrary bounded
matrices in H⊗2D , there should be
Tr[Γ†∆] = (Γ|∆), |ΓΣ∆) = Γ⊗∆T|Σ). (23)
If Γ = |Ψ〉〉〈〈Φ|, there exists such a relation,
||Ψ〉〉〈〈Φ|) = |Ψ〉〉 ⊗ |Φ∗〉〉. (24)
As an application of the above isomorphism, we find
that the average survive probabilities in (19-21) can be
rewritten as
f¯AB(Λ) = Tr[FˆABλ], (25)
f¯A(Λ) = Tr[FˆAλ], (26)
f¯B(Λ) = Tr[FˆBλ], (27)
where the four super operators in H⊗4D are defined as
FˆAB =
∫ ∫
dµH(Ψ)dµH(Φ)|Ψ ⊗ Φ)(Ψ⊗ Φ|, (28)
FˆA =
∫ ∫
dµH(Ψ)dµH(Φ)|Ψ ⊗ Φ)(Ψ⊗ ID|, (29)
FˆB =
∫ ∫
dµH(Ψ)dµH(Φ)|Ψ ⊗ Φ)(ID ⊗ Φ|, (30)
λ =
∑
m
Em ⊗ E∗m. (31)
5Here, it should emphasize that λ is a physical meaningful
super operator: Suppose ρ to be an arbitrary input for
the quantum channel Λ and Λ(ρ) =
∑
mEmρE
†
m to be
the corresponding output. Applying the result in (23),
we see that the two vectors, |Λ(ρ)) and |ρ), are simply
related by λ,
|Λ(ρ)) = |
∑
m
EmρE
†
m) ≡ λ|ρ).
To carry out the integrations above, we introduce a
special unitary transformation β in H⊗4D ,
β =
D∑
i,j,k,l=1
|ijkl〉〈ikjl|. (32)
One may check that β is also a Hermitian operator,
β = β† = β−1.
It has a nice property that
β|Ψ ⊗ Φ) = |Ψ〉〉 ⊗ |Φ〉〉.
With the above property of β, we can reexpress FˆAB as
FˆAB = β(
∫
dµH(Ψ)|Ψ〉〉〈〈Ψ| ⊗
∫
dµH(Φ)|Φ〉〉〈〈Φ|)β.
Recalling our results in (13-18), we have
FˆAB = β(ρ
sep
W ⊗ ρsepW )β. (33)
Different protocols of measuring the f¯AB(Λ) are depicted
in FIG.2. We call the one in FIG. 2b as the product
Haar twirling procedure: Let |ψ0〉 and |Φ0〉 the fixed state
for the subsystem HAD and H
B
D , respectively. The two
arbitrary states in (19), Ψ and Φ, may be related to the
arbitrary unitary operation U and V
Ψ = UΨ0U
†,Φ = V Φ0V †, U, V ∈ U(D),
respectively. The average survive probability of
the product states may be expressed as f¯ bAB(Λ) =∫
dµH(U)
∫
dµH(V )Tr[Ψ0⊗Φ0(U ⊗ V)† ◦Λ◦U ⊗ V(Ψ0⊗
Φ0)]. In experiment, we first prepare |ψ0〉 ⊗ |φ0〉 as the
fixed input, then apply the operation U ⊗ V before the
map Λ and an operation (U⊗V )† after. Finally, we mea-
sure the survive probability of |ψ0〉⊗|φ0〉 with the output.
By sampling U and V randomly with the Haar measure
of U(D), we shall get the quantity f¯ bAB(Λ) defined above.
With the isomorphism in (22), one may express f¯ bAB(Λ)
as
f¯ bAB(Λ) = Tr[Fˆ
b
ABλ],
where the super operator Fˆ bAB has the form
Fˆ bAB = β(Fˆb ⊗ Fˆb)β
with Fˆb defined in (14). Applying the result in (18), we
find f¯ bAB(Λ) equals the quantity f¯AB(Λ). Therefore, the
product Haar twirling procedure in FIG. 2b represents a
possible way of getting f¯AB(Λ).
The way of applying the product Clifford twirling pro-
cedure to measure the average survive probability of the
product states is shown in FIG. 2c. Its experimental data
can be collected as f¯ cAB(Λ) =
1
K2
∑K
i,j=1 Tr[Ψ0⊗Φ0(Ci⊗
Cj)† ◦Λ ◦ Ci⊗Cj(Ψ0⊗Φ0)], where {Ci}Ki=1 is the Clifford
group of HD. Via the similar argument above, we have
f¯ cAB(Λ) = Tr[Fˆ
c
ABλ] with the super operator Fˆ
c
AB to be
Fˆ cAB = β(Fˆc ⊗ Fˆc)β. Obviously, f¯ cAB(Λ) measured with
the product Clifford twirling protocol equals f¯AB(Λ) in
(19) since that Fˆ cAB = FˆAB .
Let {Ψx}Nx=1 and {Φy}Ny=1 to be the state 2-
designs defined in (4), the quantity f¯dAB(Λ), f¯
d
AB(Λ) =
1
N2
∑N
x,y=1Tr[(Ψx⊗Φy)Λ(Ψx⊗Φy)], can be directly mea-
sured through the method in FIG. 2d. Jointing the result
f¯dAB(Λ) = Tr[β(Fˆd ⊗ Fˆd)βλ] with (18) and (33), we con-
clude that f¯dAB(Λ) = f¯AB(Λ).
After giving a detail discussion about how to mea-
sure f¯AB(Λ) in experiment, we shall focus on f¯A(λ) and
f¯B(Λ), the average survive probabilities for the subsys-
tems, defined in (20) and (21), respectively. Let’s con-
sider f¯A(Λ) at first. Using Shur’s lemma,∫
dµH(Φ)Φ =
1
D
ID,
we can simplify the expression of FˆA in (29) as
FˆA =
1
D
∫
dµH(Ψ)|Ψ ⊗ ID)(Ψ⊗ ID|.
With the unitary β in (32), it has an equivalent form
FˆA = β(
∫
dµH(Ψ)||Ψ〉〉〈Ψ| ⊗ |ID〉〉〈〈ID |
D
)β.
Recalling our definition of the super operator Fˆa in (13)
and the result in (18), we can get the formula
FˆA = β(ρ
sep
W ⊗
|ID〉〉〈〈ID |
D
)β. (34)
Via a similar argument, there should be
FˆB = β(
|ID〉〉〈〈ID|
D
⊗ ρsepW )β. (35)
With the result in (18), where the different ways to
expand the separable Werner are given, we are able to
prove that the average survive probability for a selected
subsystem can be measured by the various protocols in
FIG. 2. For example, when the survive probability of sub-
system HAD is measured with the product state 2-design
protocol depicted in FIG. 2d, the experimental data can
be organized in the way like
f¯dA(Λ) =
1
N2
N∑
x,y=1
Tr[(Ψx ⊗ ID)Λ(Ψx ⊗ Φy)]. (36)
6Formally, it can be transferred into f¯dA(Λ) = Tr[Fˆ
d
Aλ]
with the super operator Fˆ dA to be
Fˆ dA =
1
N2
N∑
x,y=1
|Ψx ⊗ Φy)(Ψx ⊗ ID|.
As it is shown in [20], the state 2-design has the property
that
1
N
N∑
y=1
Φy =
1
D
ID.
With this property in hand, we rewrite Fˆ dA as
Fˆ dA = β[
1
N
N∑
x=1
(Ψx〉〉〈〈Ψx|)⊗ |ID〉〉〈〈ID |
D
]β.
Jointing it with (16) and (18), we find Fˆ dA = FˆA. There-
fore, f¯A(Λ) can be measured in the way presented in (36).
With the separable Werner state defined in (17), we
shall get a relation, I⊗2D = D(D + 1)ρ
sep
W − |ID〉〉〈〈ID |.
From it, we can expand the identity operator I⊗4D as
I⊗4D = D
2(D + 1)2ρsepW ⊗ ρsepW + |ID〉〉〈〈ID | ⊗ |ID〉〉〈〈ID |
−D(D + 1)[ρsepW ⊗ |ID〉〉〈〈ID |+ |ID〉〉〈〈ID | ⊗ ρsepW ]
Note that I⊗4D is invariant under the transformation of
β, I⊗4D = βI
⊗4
D β. Recalling our definitions of the super
operators, FˆAB in (33), FˆA in (34), and FˆB in (35), we
shall find that the identity operator, I⊗4D , can also be
expanded as
I⊗4D = D
2(D + 1)2[FˆAB − FˆA + FˆB
D + 1
] + |I⊗2D )(I⊗2D |. (37)
For the quantum channel Λ, Λ(ρ) =
∑
mEmρE
†
m, of
the joint system H = HAD ⊗ HBD, we introduce the en-
tanglement fidelity f ent(Λ), which has been proposed to
characterize the noise strength in Λ [24], in the way like
f ent(Λ) = 〈Ω|(I⊗2D ⊗ Λ)(|Ω〉〈Ω|)|Ω〉
=
1
D4
∑
m
|Tr[Em]|2, (38)
where |Ω〉, as it has been introduced in (22), is the max-
imally entangled state of H ⊗ Hanc with Hanc to be a
D2-dimensional ancilla system. With the super operator
λ in (31), one may express the entanglement fidelity with
a more compact form:
f ent(Λ) =
1
D4
Tr[λ]. (39)
Jointing it with our expanding of the identity operator in
(37) and the equations (25-27), we find that the entan-
glement fidelity should be known if the three average sur-
vive probabilities, f¯AB(Λ), f¯A(Λ) and f¯B(Λ), have been
decided,
f ent(Λ) =
1
D2
{1+(D+1)2f¯AB−(D+1)[f¯A+ f¯B]}. (40)
(For simplicity, we have omitted the symbol (Λ) in the
expression for each average survive probability.) In the
derivation of it, we have used the formula
(I⊗2D |λ =
∑
m
(E†mEm| = (I⊗2D |, (41)
which can be viewed as a vector-form expression of trace-
preserving condition of Λ.
Now, we are able to show that the average fidelity
can also be estimated with the three quantities, f¯AB(Λ),
f¯A(Λ) and f¯B(Λ). As a well-known fact [9,10], there
exists a beautiful formula where the average fidelity is
simply related to the entanglement fidelity. Instead of
directly citing this formula, we shall give a simple rea-
soning to recover it. We use ρ˜sepW as the generalization
of the separable Werner state (for the D2-dimensional
system) in (17) for the D4-dimensional system,
ρ˜sepW =
1
D2(D2 + 1)
(I⊗4D + |I⊗2D )(I⊗2D |). (42)
Correspondingly, the results in (12) and (18) can also
generalized into the following form
favg(Λ) = Tr[ρ˜sepW λ].
By jointing it with (39) and (41), the well-known relation,
for the case where the process super operator Λ is defined
for the D2-dimensional system, is recovered here
favg(Λ) =
D2f ent(Λ) + 1
D2 + 1
. (43)
Putting (40) into it, we shall arrive at one of the main
results of present work,
favg(Λ) =
1
D2 + 1
{2+ (D+1)2f¯AB − (D+1)[f¯A+ f¯B]},
(44)
where we show that the average fidelity favg(Λ) can be es-
timated with the average survival probabilities, f¯AB(Λ),
f¯A(Λ) and f¯B(Λ).
IV. MEASURING THE SELECTED ELEMENT
OF THE PROCESS MATRIX
The proposal, which suggests that the protocol de-
signed for measuring the average fidelity can be also ap-
plied to decide an arbitrary element of the quantum pro-
cess matrix, originated from the work in [16]. In the first
version of it, the off-diagonal elements should be mea-
sured by introducing ancilla system. Recently, an im-
proved scheme, where all the elements can be estimated
without introducing any ancilla system, has been pre-
sented in [18]. In the argument below, following the idea
presented in [18], we shall develop a method where an
arbitrary element of the process matrix can be decided
with the average survive probabilities.
7At beginning, let’s introduce the definition of the pro-
cess matrix. For a reason which will be clear later, we
suppose Λ¯ to be an arbitrary quantum map for the joint
system H = HAD ⊗HBD,
Λ¯(ρ) =
∑
n
E¯nρE¯n,
∑
n
E¯†nE¯n = I
⊗2
D . (45)
Letting {Γµ}D4µ=1 to be an orthogonal operator basis for
H,
Tr[Γ†µΓν ] = D
2δµν , (46)
one may rewrite (45) as
Λ¯(ρ) =
D4∑
µ,ν=1
ΓµρΓ
†
νχµ;ν(Λ¯), (47)
where the coefficients χµ;ν(Λ¯),
χµ;ν(Λ¯) =
1
D4
∑
n
Tr[Γ†µE¯n](Tr[Γ
†
νE¯n])
∗, (48)
are the entries of a D4 ×D4 process matrix χ(Λ¯) which
is Hermitian by definition. Here, it should be noted the
factor D−4 comes from the fact that the basis operators
in (46) are not normalized. As it has been done in previ-
ous works, we suppose that Γµ are Hermitian and unitary
operators,
Γµ = Γ
†
µ = Γ
−1
µ .
Furthermore, we rewrite (48) with a convenient form
χµ;ν(Λ¯) =
1
D4
Tr[(
∑
n
E¯n ⊗ E¯∗n)(Γµ ⊗ Γ∗ν)]. (49)
From it, we see that the diagonal matrix elements should
take the form,
χµ;µ(Λ¯) =
1
D4
Tr[(
∑
n
E¯n ⊗ E¯∗n)(Γµ ⊗ Γ∗µ)]. (50)
Now, let’s assume that the quantum map Λ discussed in
above section is related to Λ¯ via the simple form,
Λ = Λ¯ ◦ Γµ,
where the process super operator Λ¯ ◦ Γµ is defined as
Λ¯ ◦Γµ(ρ) =
∑
n E¯n(ΓµρΓ
†
µ)E¯
†
n. We call the so-defined Λ
the modified map (of Λ¯). Based on this assumption, we
find that the supper operator λ in (31) should be
λ = (
∑
n
E¯n ⊗ E¯∗n)(Γµ ⊗ Γ∗µ).
Recalling the formula for the calculation of the entangle-
ment fidelity in (39) and the one for the diagonal matrix
elements in (50), we shall find an interesting result,
χµ;µ(Λ¯) = f
ent(Λ¯ ◦ Γµ) ≡ f ent(Λ). (51)
FIG. 3: Circuit representation of measuring the diagonal ma-
trix element of the quantum process matrix.
In other words, one may transfer the task of measur-
ing the diagonal matrix element, which is defined for the
quantum map Λ¯, into the one of deciding the entangle-
ment fidelity of the modified map Λ = Λ¯ ◦ Γµ. Based on
this principle, the diagonal matrix element χµ;µ(Λ¯) can
be estimated with f¯AB(Λ¯◦Γµ), f¯A(Λ¯◦Γµ) and f¯B(Λ¯◦Γµ),
which are the average survive probabilities of the modi-
fied quantum map Λ¯ ◦ Γµ,
χµ;µ(Λ¯) =
1
D2
{1 + (D + 1)2f¯AB(Λ¯ ◦ Γµ)
−(D + 1)[f¯A(Λ¯ ◦ Γµ) + f¯B(Λ¯ ◦ Γµ)]}. (52)
In FIG. 3, we give a protocol to measure the diagonal
elements of the process matrix: Suppose that Ψx and Φy
are the elements of the state 2-design in (4). Preparing
|ψx〉 ⊗ |φy〉 as the input, perform an operation Γµ before
the quantum Λ¯, then measure the expectations fAB(Λ¯ ◦
Γµ) = Tr[Ψx⊗ΦyΛ¯◦Γµ(Ψx⊗Φy)], fA(Λ¯◦Γµ) = Tr[Ψx⊗
IDΛ¯ ◦ Γµ(Ψx ⊗ Φy)] and fB(Λ¯ ◦ Γµ) = Tr[ID ⊗ ΦyΛ¯ ◦
Γµ(Ψx ⊗ Φy)]. By repeating this process with a number
of N2 different inputs, one may get the averaged survive
probabilities which can be used to estimate the diagonal
element of the process matrix according to (52).
As it has been shown in [18], the way to decide the
off-diagonal matrix elements is different form the one to
get the diagonal matrix elements. Let’s organize the pro-
posal developed there in the way like: For the two known
operators, Γµ and Γν , (µ 6= ν), define the following four
operators,
Γ± = Γµ ± Γν , Γ˜± = Γµ ± iΓν . (53)
From it, one may easily verify that
Γµ ⊗ Γ∗ν =
1
2
[Γ+ ⊗ Γ∗+ − Γ− ⊗ Γ∗−
−i(Γ˜+ ⊗ Γ˜∗+ − Γ˜− ⊗ Γ˜∗−],
Γν ⊗ Γ∗µ =
1
2
[Γ+ ⊗ Γ∗+ − Γ− ⊗ Γ∗−
+i(Γ˜+ ⊗ Γ˜∗+ − Γ˜− ⊗ Γ˜∗−].
Jointing this result with (49), we observe that the off-
diagonal elements of the process matrix can be estimated
by the way
χµ;ν(Λ¯) =
1
2
[ω+ − ω− − i(ω˜+ − ω˜−)],
χν;µ(Λ¯) =
1
2
[ω+ − ω− + i(ω˜+ − ω˜−)],
8in which the four quantities, ω± and ω˜±, are defined as
ω± =
1
D4
Tr[(
∑
n
E¯n ⊗ E¯n)(Γ± ⊗ Γ∗±)] (54)
ω˜± =
1
D4
Tr[(
∑
n
E¯n ⊗ E¯n)(Γ˜± ⊗ Γ˜∗±)] (55)
Let’s consider ω+ at first. Following the argument from
(50) to (51), we can also interpret ω+ as the entanglement
fidelity of the non-physical map Λ¯ ◦ Γ+
ω+ = f
ent(Λ¯ ◦ Γ+)
with the process super operator Λ¯ ◦ Γ+ defined as Λ¯ ◦
Γ+(ρ) =
∑
n E¯n(Γ+ρΓ
†
+)E¯
†
n. With a simple calculation,
which is similar with the one for deriving (40), we shall
get
ω+ =
1
D2
{2 + (D + 1)2f¯AB(Λ¯ ◦ Γ+)
− (D + 1)[f¯A(Λ¯ ◦ Γ+) + f¯B(Λ¯ ◦ Γ+)]}. (56)
In the derivation of it, we have used the relation,
Tr[|I⊗2D )(I⊗2D |(
∑
n E¯n ⊗ E¯n)(Γ± ⊗ Γ∗±)] = 2D2. Now, we
shall encounter the problem of measuring the average
survive probabilities for a non-physical map Λ¯ ◦ Γ+. A
solution for it, as it has been suggested in [18], is to pre-
pare a set of states {|ψxy〉}Nx,y=1,
|ψxy〉 = Γ+(|ψx〉 ⊗ |φy〉), (57)
as the inputs for the quantum channel Λ¯, then decide
the averaged survived probabilities, which are needed in
(56), through the way in below:
f¯AB(Λ¯ ◦ Γ+) = 1
N2
N∑
x,y=1
Tr[(Ψx ⊗ Φy)Λ¯(Ψxy)],
f¯A(Λ¯ ◦ Γ+) = 1
N2
N∑
x,y=1
Tr[(Ψx ⊗ ID)Λ¯(Ψxy)],
f¯B(Λ¯ ◦ Γ+) = 1
N2
N∑
x,y=1
Tr[(ID ⊗ Φy)Λ¯(Ψxy)].
The product state 2-design protocol designed to get the
above average quantities is depicted in FIG. 4. The above
method, which is developed for measuring ω+, can be eas-
ily generalized for the cases where the rest of the quan-
tities defined in (54-55) should be measured.
V. APPROXIMATED MEASUREMENT OF THE
AVERAGE SURVIVE PROBABILITIES
In section III, we have introduced three types aver-
age survive probabilities for a bipartite system. Sev-
eral ways of measuring these quantities are depicted in
FIG. 2. It should be noted that these measurements are
FIG. 4: (a) Measuring the survive probabilities of a non-
physical map Λ¯ ◦ Γ+ can be realized by the apparatus in (b)
with the inputs |ψxy〉 = Γ+|ψx〉 ⊗ |φy〉.
non-scalable: Taking the product state 2-design proto-
col, which is given in FIG. 2d, for an example, there
are about N2(N ≥ D2) runs of experiment to be per-
formed. A solution for this problem is to find an efficient
approximated way where the error introduced by the ap-
proximation should depend on the number of operations
irrespective of the dimension of the joint system.
In this section, we shall develop such an efficient way to
measure of the average survive probabilities. In what fol-
lows we restrict ourself to the case where a set of product
states, {Ψi⊗Ψj}Mi,j=1 should be prepared as the inputs of
the quantum channel Λ while the average survive proba-
bilities defined in (19-21) are approximated with the way
like
f¯apprAB =
1
M2
M∑
i,j,=1
Tr[(Ψi ⊗Ψj)Λ(Ψi ⊗Ψj)],
f¯apprA =
1
M2
M∑
i,j,=1
Tr[(Ψi ⊗ ID)Λ(Ψi ⊗Ψj)],
f¯apprB =
1
M2
M∑
i,j,=1
Tr[(ID ⊗Ψj)Λ(Ψi ⊗Ψj)].
These average quantities can be also measured with the
twirling procedures by letting Ψj = UjΨ0U
†
j with Ψ0 and
Uj to be a fixed state and the arbitrary unitary transfor-
mations in HD, respectively. By following the steps for
getting the super operators in (33-35), the above equa-
tions can be also expressed
f¯apprα = Tr[Fˆ
appr
α λ], α = A,B,AB. (58)
in which the super operators Fˆ apprα are defined as
Fˆ apprA = β(
1
M2
M∑
i,j=1
|Ψi〉〉〈〈Ψi| ⊗ |Ψj〉〉〈〈ID |)β, (59)
Fˆ apprB = β(
1
M2
M∑
i,j=1
|Ψi〉〉〈〈ID| ⊗ |Ψj〉〉〈〈Ψj |)β, (60)
Fˆ apprAB = β(
1
M2
M∑
i,j=1
|Ψi〉〉〈〈Ψi| ⊗ |Ψj〉〉〈〈Ψj |)β. (61)
In above sections, we have shown that the average fi-
delity can expressed as the expectation of the super op-
erator λ, which is defined in (31), with the separable
9Werner state ρ˜sepW , f
avg(Λ) = Tr[ρ˜sepW λ]. With the ex-
panding formula of the identity operation in (37), one
may rewrite ρ˜sepW as
ρ˜sepW =
2
D2(D2 + 1)
|I⊗2D )(I⊗2D |+
1
D2 + 1
∆, (62)
in which the operator ∆ is defined as
∆ =
1
D2
(I⊗4D − |I⊗2D )(I⊗2D |)
= (D + 1)2FˆAB − (D + 1)(FˆA + FˆB). (63)
Now, the average fidelity is approximated in the way like
favgappr(Λ) = Tr[ρ˜apprλ]
with ρ˜appr the approximated separable Werner state,
ρ˜appr =
2
D2(D2 + 1)
|I⊗2D )(I⊗2D |+
1
D2 + 1
∆appr, (64)
∆appr = (D + 1)
2Fˆ apprAB − (D + 1)(Fˆ apprA + Fˆ apprB ). (65)
Considering the fact that the super operator λ, which
is decided by the quantum map Λ, is usually unknown,
for simplicity, we suppose that the accuracy of the ap-
proximation should depend on the difference between the
separable Werner state and its approximated form. As it
has been done in [25], we introduce the Hilbert-Schmidt
norm of their difference,
||ρ˜sepW − ρ˜appr|| := Tr[(ρ˜sepW − ρ˜appr)(ρ˜sepW − ρ˜appr)†], (66)
to characterize how well the separable Werner state is
approximated. With the definitions from (62) to (64),
we simplify the above equation into the form
||ρ˜sepW − ρ˜appr|| =
1
(D2 + 1)2
||∆−∆appr||. (67)
In order to perform the above calculation in an easy
way, we shall introduce the operators Ri,
Ri = (D + 1)Ψi − ID, (68)
and reexpress the operator ∆appr in (65) with a more
compact form
∆appr =
1
M2
M∑
i,j=1
|Ψi ⊗Ψj)(Ri ⊗Rj − I⊗2D |. (69)
With above formula, one may easily verify that
Tr[∆(∆)†] = Tr[∆(∆)†appr] = Tr[∆appr(∆)
†] =
2(D2 − 1)
D2
.
Therefore, the Hilbert-Schmidt norm is
||ρ˜sepW − ρ˜appr|| =
1
(D2 + 1)2
(||∆appr||− 2(D
2 − 1)
D2
) (70)
where the quantity ||∆appr|| should be decided by our
actual choice of the states Ψi.
Now, we assume that the states Ψi are chosen from the
symmetric information complete set (SIC) introduced in
(6), Ψi 6= Ψj for i 6= j. Based on this assumption, we
find that
||∆appr|| = D
4(D + 2)2 + (D2 − 2)D2
M2(1 +D)2
− 4D
M(1 +D)
+
D − 1
D + 1
. (71)
Putting it back into (70), we can get the upper bound of
the Hilbert-Schmidt norm,
||ρ˜sepW − ρ˜appr||{
= 0, M = D2,
< 1
M2
(1+D)2
D2
, 1 < M < D2.
(72)
For the case D ≥ 4, there is (1+D)2
D2
< 2. Therefore,
we conclude that the separable Werner state is approxi-
mated in an efficient way: The upper bound of the error
introduced by the approximation process scales better
than 2
M2
with the number of repetitions M2 of the ex-
periment.
VI. DISCUSSION
In previous works, the state 2-design has also been
defined in the way like:
1
N
N∑
x=1
Tr[ΨxAΨxB] =
Tr[A]Tr[B] + Tr[AB]
D(D + 1)
. (73)
One may check that the definition in (4) is consisted
with it. Applying the isomorphism introduced in (9),
we rewrite the left side of the above equation as
1
N
N∑
x=1
Tr[ΨxAΨxB] = Tr[(
1
N
N∑
x=1
Ψx ⊗Ψ∗x)(A⊗BT)].
As it has been shown in section II, from the definition of
the state 2-design in (4), we can get an extremely sim-
ple relation between the state 2-design and the separable
Werner state, 1
N
∑N
x=1Ψx⊗Ψ∗x = ρsepW .With the results,
Tr[B] = Tr[BT] and (I⊗2D |A⊗BT|I⊗2D ) = Tr[AB], we have
Tr[ρsepW (A⊗B∗)] =
Tr[A]Tr[B] + Tr[AB]
D(D + 1)
.
From it, one may conclude that the definition in (4) is
consisted with the one in (73).
Finally, let’s end our work with a short conclusion. For
the bipartite system, we have introduced three directly
measurable quantities, the average survive probability of
the product states and the survive probability for each
subsystem, and developed several protocols to measure
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them. These average quantities can be applied to esti-
mate the average fidelity of the quantum channel and the
selected element of the quantum process matrix.
Appendix. In Section II, we have introduced a super
operator Fˆb, Fˆb =
∫
dµH(U)U ⊗U∗|Ψ0〉〉〈〈Ψ0|(U ⊗U∗)†,
and stated that it should equal with the separable Werner
state defined in (17). Although this statement can be
viewed as a known result in other works, (for example,
the one in [10]), for the completeness of present work, we
shall still give a compact proof for it. At first, applying
the isomorphism in (22), we reexpress Fˆb in the vector
form as |Fˆb) = T |Ψ0〉〉 ⊗ |Ψ∗0〉〉 with the super operator
T to be
T =
∫
dµH(U)U ⊗ U∗ ⊗ U∗ ⊗ U.
In stead of directly carrying out the integration, we shall
cite a result given by Scott in [26]:
∫
dµH(U)U ⊗ U ⊗ U † ⊗ U †
=
1
D2 − 1(P3412 + P4321)−
1
D(D2 − 1)(P4312 + P3421),
with Pabcd defined as the permutation operator (For its
definition in detail, please see the original work in [26].)
With the above calculation in hands, we find the expres-
sion of the T should be
T = 1
D2 − 1 [|I
⊗2
D )(I
⊗2
D | − |I⊗2D )(Sˆ+|
+D2|Sˆ+)(Sˆ+| − |Sˆ+)(I⊗2D |],
in which we use Sˆ+ to denote the projective operator,
Sˆ+ = |S+〉〈S+| with |S+〉 the maximally entangled state
defined in (9). Performing the operation T on an arbi-
trary product state |Ψ0〉〉 ⊗ |Ψ∗0〉〉, we shall get
T (|Ψ0〉〉 ⊗ |Ψ∗0〉〉) = |ρsepW ),
the vector form of the desired result Fˆb = ρ
sep
W .
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